Let K/k be a normal extension of number fields with abelian Galois group G. Suppose there is an infinite place v of k such that the set of nontrival characters χ : G −→ C × which are ramified at all infinite places except v is nonempty. Then the corresponding Artin L-functions L(χ, s) have zeros of the first order at s = 0, and if we fix any embedding of the bigger field K to C which extends v then Stark's conjecture predicts existence of a "unit"
We should mention that such elements already appeared in [2] , but under very special assumptions on the set of places S (Hypotheses 2.1 of [2] ). Although these assumptions allow to refine the Stark conjecture, we find it convenient from the computational point of view to keep the set S as small as possible. Indeed, when we increase S then the order of zero of L S (χ, s) at s = 0 either stays constant or increases. The module U of S-units also grows. Hence if one really wants to verify the Stark conjecture numerically, the most simple choice will be S = S ∞ . We consider one numerical example below. In view of the above-said, the present note may be considered as a naive version of [2] , where we do everything what can be done simply by linear algebra.
The conjecture
We start with a reformulation of the abelian Stark conjecture. Let K/k be a normal extension of number fields with an abelian Galois group G, S be a set of places of k containing all the infinite places S ∞ ⊂ S and S K be the set of all places of K lying above places in S. Let Y be the free abelian group on S K and
be the group of S-units in K. We have a G-module isomorphism log : RU −→ RX log(x) = w∈S K log |x| w w.
Also QX ∼ = QU as G-modules (see [1] , p.26), but there is no canonical choise for this isomorphism. The modified Artin L-function attached to a character χ :
where for every finite place v of k we denote by G v , I v and σ v ∈ G v /I v the decomposition group, the inertia group and the Frobenius element correspondingly. The order of zero at s = 0 of this L-function is r(χ) = # v ∈ S χ| Gv ≡ 1 for χ = 1 and r(1) = #S − 1 (Proposition II.3.4 in [1] ). Here 1 is the trivial character. Let c(χ) be the leading Laurent coefficient of the L-function (1) at s = 0:
Let us fix a nonnegative integer r such that there are characters χ with r(χ) = r. In particular, should be r ≤ #S. Let C be a nonempty set of characters satisfying the two conditions:
It is an idempotent since E χ E χ ′ = 0 when χ = χ ′ , and it belongs to Q[G] due to the property (i) of the set C. Consider also the generalized "Stickelberger element"
It obviously belongs to the subspace E
Let log (r) : R r U −→ R r X be the G-module isomorphism induced by log : RU −→ RX, where exterior products are always taken in the category of modules over the commutative ring Z [G] . If r = 0 this means
and log (0) = 1.
Conjecture 1.
1 Let C be a nonempty set of characters satisfying the conditions (i) and (ii) from above. Then
Notice that both Θ C r X and log (r) (E C r U) are maximal discrete lattices in the real vector space E C R r X of dimension #C. Indeed, E C r X is obviously a maximal lattice in E C R r X, and Θ C is an invertible transformation of this space since det(Θ C ) = χ∈C c(χ) = 0. Analogously, E C r U modulo torsion is maximal in E C R r U, and
The conjecture claims these lattices are commensurable.
Theorem 1. Conjecture 1 is equivalent to the Stark conjecture "over Q" (Conjecture I.5.1 of [1] ) for all characters χ ∈ C.
Let us choose any isomorphism f : QX −→ QU. Then the Stark regulator for each χ is defined as
for every α ∈ Aut(C/Q). We can equivalently state it as
Let us introduce also
Proof of Theorem 1. For any
by the definition of R(χ, f ). Indeed, Hom(χ, CX) ∼ = E χ CX and dimension of this space is r. Therefore
. Since multiplication by R is an invertible transformation of E C R r X, Conjecture 1 is now equivalent to the statement E C Q r X = A Q r X. This is in turn equivalent to A ∈ E C Q[G]. Recall that we reduced the Stark conjecture to the same statement (2).
We have already remarked that Conjecture 1 claims commensurability of the two lattices Θ C r X and log (r) (E C r U). Let us show that the ratio of covolumes of these lattices is a rational number. Let f : QX −→ QU be the isomorphism from above. Then log
is commensurable with log (r) (E C r U), and
due to (3) . The ratio of covolumes of Θ C r X and log (r) (E C r f (X)) is therefore det(A) = χ∈C A(χ, f ). 2 It means A(ψ, f ) ∈ Q, hence our claim is proved.
Generalization of the "Stark unit"
Let S = {v 1 , . . . , v n } and choose some w i ∈ S K above each v i ∈ S.
Then we can consider w * i 1
It is an idempotent in the group algebra Q[G].
Recall that U ⊂ K × is the group of S-units of K.
Theorem 2.
3 There is a unique element ε r ∈ E r R r U such that for every χ = 1 with r(χ) = r c(χ) = χ w *
where {i 1 < · · · < i r } = {i : χ| Gv i ≡ 1}, and (in case r = n − 1)
with an arbitrary i. Conjecture 1 for the set of characters C r = {χ : r(χ) = r} is true if and only if ε r ∈ E r Q r U. 2 We refer here to the truth of the Stark conjecture for a rational-valued character, although one can find simple arguments in this case. In fact our ψ is a sum of permutation characters. A permutation character is the one induced from the trivial character on a subgroup. Since A(Ind χ, f ) = A(χ, f ), the Stark conjecture is true for ψ because it is true for a trivial character.
3 Let us write for the moment ε Proof. We want to construct a certain G-module isomorphism
Suppose first r = n − 1, so that all χ ∈ C r are nontrivial. Let us check that Ω =
is such an isomorphism. Since its image obviously belongs to E r Q[G], it is enough to prove that Ω gives an invertible map from
Let now r = n − 1 and
where we denote w *
Let us see that this map is independent of i and it is an isomorphism from E r Q r X to E r Q [G] . We can tensor with C again, and if χ = 1 then Ω is an isomorphism from each
i (w j ) = E 1 when i = j and 0 otherwise, we are done.
With Ω constructed above we have an invertible map
Notice that the property of ε r can be reformulated as
for all χ with r(χ) = r. Since Θ r = r(χ)=r c(χ) E χ is a unique element in E r R[G] with the property c(χ) = χ(Θ r ) for all such χ, then ε r = (Ω • log (r) ) −1 Θ r is a unique element satisfying the conditions. Since Ω : E r R r X −→ E r R[G] is an isomorphism and it maps E r Q r X to E r Q[G], it also maps Θ r Q r X to Θ r Q[G]. Hence Conjecture 1 is equivalent to the statement that the isomorphism (4) maps E r Q r U to Θ r Q [G] . If the conjecture is true then ε r ∈ E r Q r U.
In fact Q[G]ε r = E r Q r U since these Q-vector spaces have the same dimension #C r . Thus the conjecture is true.
We consider this element ε r (conjecturally belonging to E r Q r U) as a generalization of the "Stark unit". Similarly to the latter, ε r is defined via units modulo torsion and it is unique as soon as some place of the bigger field K over each place of the base field k is fixed.
There is a (certainly non-unique) way to write c(χ) as a single determinant. Let us show it for χ = 1. Consider E = α∈Gal(Q(χ)/Q) E χ α and let {i 1 < · · · < i r } = {i : χ| Gv i ≡ 1}. Since E Q r X is generated over Q[G] by the element E w i 1 ∧· · ·∧E w ir , each element x ∈ E Q r X can be represented (non-uniquely) in the form x = x 1 ∧ · · · ∧ x r with some x i ∈ E QX. Since QU ∼ = QX as G-modules, we can represent
3. Example with the Hilbert class field of Q( √ 229).
The field k = Q( √ 229) has class number h = 3. To construct its Hilbert class field together with some units in it let us consider the polynomial (5) x 3 − 4x + 1.
Let K be its splitting field. It can have degree 3 or 6 over Q. Since this equation has discriminant d = 229, the splitting field should contain k. Hence K is of degree 6 with Gal(K/Q) ∼ = S 3 , and [K : k] = 3. We claim that K is the Hilbert class field of k. Let us show K/k is an unramified extension. Let F = Q(x 3 − 4x + 1). This qubic field is ramified at 229 only, so K is also ramified at 229 only since it is the compositum of k and F . Further, implies that the decomposition of (229) into primes in O F has form p 2 b. Then pO K = P should be prime and bO K = B 2 for a prime B. This is because K is a Galois field, so in the decomposition of (229) = P 2 B 2 all primes should have the same power. This power is the ramification index e K (229) = 2. We have e K (229) = e k (229) = 2, therefore K/k is unramified.
